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444 Lord Kelvin on a New Specifying Method for. 

The 4 cm. spheres seem to show evidence, at the distance 
of 30 cms., of the reversal effect mentioned above, but it 
disappeared before a distance of 50 cms. was reached. With 
the other spheres no trace of the phenomenon can be found. 

~No difficulty at all was experienced in handling the smaller 
spheres, but the larger ones gave som.e_trouble. But a single 
reading had been secured with the first pair of 10 cm. shells 
before one of them failed. Veins appeared in the gold-leaf 
encircling one platinum cap. On replacing this sphere by a 
new one, only three or fbur readings were secured before the 
other sphere of the first pair failed in the same way. This 
was removed and a new one put in its place, and with the 
pair thus formed the readings in Table VII .  were obtained. 

If  curves be drawn with the mean readings of Tables V., 
VI., and VII .  as ordinates and the distances from the oscillator 
as abscissae, the curve for a shell will be found to practically 
coincide with that for the solid sphere of the same diameter. 
The experiments, therefore, indicate that, both in the case of 
the cylindrical and of the spherical doublets, the excessively 
thin gold-leaf shells were quite as efficient as the solid metal 
bodies. 

This investigation was made in the Jefferson Physical 
Laboratory, I tarvard University ; and while under especial 
obfigation to Professor Trowbridge for his never-failing 
consideration and encouragement, I would express my grati- 
tude to every member of his staff for innumerable kindnesses. 

Jefferson Physical Laboratory, 
Harvard University, U.S. 

X L I X .  A _New Specijyinq Method for Stress and Strain in 
an Elastic Solid. .By Lord K~rxI~ ~. 

T H E  method for specifying stress and strain hitherto 
followed by all writers on elasticity has the great 

disadvantage that it essentially requires the strain to be 
infinitely small. As a notational method it has the in- 
convenience that the specifying elements are of two essentially 
different kinds (in the notation of Thomson and Tait e, f ,  3, 
simple elongations; a, b, c, shearings). Both these faults 
are avoided if we take the six lengths of the six edges of a 
tetrahedron of the solid, or, what amounts to the sam% 
though less simple, the three pairs of face-diagonals of a 

* Communicated by the Author. From the Proceedings of the Reval 
Society of Edinburgh of Jan. 20, of which a preliminary notice ~[~as 
published in the Phil, Mag. for Jan. 1902. 
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Stress and Strain in an Elastic Solid. 445 

hexahedron ~, as the specifying elements. This I have 
thought of for the last thirty years, but not till a few weeks 
ago have I seen how to make it conveniently practicable, 
especially for application to the generalized dynamics of a 
crystal. 

w 1. We shall suppose the solid to be a homogeneous 
crystal of any possible character. Cut from it a tetrahedron 
ABCD of any shape and orientation. Let  the three non- 
intersecting pairs (AB, CD), (BC, AD), (CA, BD) of its 
six edges be denoted by 

(@, @% (3q, 3q'), (3r, 3,") (1). 

This notation gives 

(l),17'), (7, q'), (r, r') . (2) 

for the six edges of a tetrahedron, similar to ABCD~ formed 
by taking for its corners (a,/3, % 3) the centres of gravity t 
of the ibur triangular faces BUD, CDA~ DAB, ABC 
respectively, so that we have p-----af3, q=~y~ r-~Ta , p t = ~ ,  
(t~=a$, r~=fl~. Consider now, in advance, the amounts of 
work done by the six pairs of balancing forces constituting 
the six stress-components described in w 2, when the strain~ 
components va r3 ;  for example, the balancing pulls P, 
parallel to AB~ when a~ increases from p to p + d p ,  all the 
other five lengths 9, r, p', qt, ~j remaining constant. For 
the reckoning of work we may suppose the opposite forces, 
P, to be applied at a and ~, instead of being equably 
distributed over the faces ADC, BD0. Hence the work 
which they do is Pdp;  and other five pairs of balancing 
pulls, Q, R, p r  Q,, Rr, do no work. 

w 2. Parallel to the edge AB apply to the faces ADC, 
BDC equal and opposite pulls, P, equally distributed over 
them. These two balancing pulls we shall call a stress or 
a stress-component. Similarly, parallel to each of the fire 
other edges apply balancing pulis on the pair of faces cutting 
it. Thus we have in all six stress-components parallel to the 

This name- si,,nifyin~- a figure bounded by three pairs of parallel 
planes, is admitted in crystallography ; but the longer and less expresslve 
"parallelepiped" is too frequently used instead of it by mathematicaI 
writers and teachers. A bexahedron, with its angles acute and. obtuse, 
is what is commonly called, both in pure mathematics and crystallography, 
a rhombohedron. A right-angled hexahedron is a brick, for which no 
Greek or other learned name is hitherto to the front in usage. A 
rectangular eclnilateral hexahedron is a cube. 

For brevity I shall henceforth call the centre of gravity of a triangle, 
or of a tetrahedron, simply its centre. 
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44 6 Lord Kelvin on a / N e w  S p e c i f y i n g  ;]lethod.for 

six edges of the tetrahedron, denoted as follows : - -  

(r,  •') (Q, Q') (R, R,) . . . .  (3); 

and we suppose that these forces, applied as they are to the 
four faces of the solid, are balanced in virtue of the mutual 
forces between its particles, when its edges are of the lengths 
specified as in ( l ) .  Let  P0, 29o ', qo, qo l, r0, r o' be the values of 
the specifying elements when no torces are applied to the 

F " �9 . faces. ]?hus the &flerences from these values, of the six 
lengths shown in formula (2), represent the strain of the 
substance when under the stress represented by (3). 

Let  w be the work done when pulls upon the faces, each 
commencing at zero, are gradually increased to the values 
shown in (3). In the course of this process we have 

dw = P d p  + P ' d p '  + Qdq + Q'dq'  + R<tr + Rrdr  ' . . (4). 

w Hence if we suppose w expressed as a fimction of 
p ,  29r, q, q,, ~., ~j we have 

dw dw dw dw dw - d w _ Rr =P, -@/=F, 

This completes the foundation of the molar dynamics of 
an elastic solid of the most general possible kind according 
to Green's  theory, expressed in terms of the new mode of 
specifying stresses and strains, without restriction to in- 
finitely small strains. 

w 4. To understand thoroughly the state of strain specified 
by (1) or (2), let the tetrahedron of reference, AoBoCoDo, 
for the condition of zero strain and stress, be equilateral 
(that is to say, according to the notation of w 2 (1 ) l e t  �89 of 
each edge----290 = q0 = re =To + = qo I = rJ) .  In AoBoCoDo inscribe 
a spherical surface touching each of the six edges. Its 
centre must be at Ko, the centre of the tetrahedron ; and the 
points of contact must be the middle points of the edges. 
Alter the solid by homogeneous strain ++ , to the condition 
(p, q, r,  29', q', r n) in which AoBoCoDo becomes ABCD. 
'l'he inscribed spherical surthce becomes an ellipsoid having 
its centre at K,  the centre of ABCD, and touching 
its six edges at their middle points t .  This ellipsoid shows 

+ Thomson and Tait's 'Natural Philosophy,' w 155; 'Elements, ~ 
w 186. 

t Thus we have an interesting theorem in the geometry of the tetra- 
hedron :--If an ellipsoid touching the edges of-a tetrahedron has its 
centre at the centre of the tetTahed~on, the points of contact are at the 
middles of the edges. 

D
ow

nl
oa

de
d 

by
 [

U
ni

ve
rs

ity
 o

f 
C

al
if

or
ni

a,
 S

an
 D

ie
go

] 
at

 1
3:

36
 2

9 
Ju

ne
 2

01
6 



Stress and Strain in an Elastic Solid. 447 

fully and clearly the state of strain specified by p, q, r, pl, q,, rq 
It is what is called the " strain ellipsoid "* .  

w 5. Two ways of finding the ellipsoid touching the six 
edges of a tetrahedron are obvious. (1) Through AB and 
CD draw planes respectively parallel to CD and A B ;  and 
deal similarly with tlle two other pairs of non-intersecting 
edges. The three pairs of parallel planes thus found, 
constitute a hexahedron which contains the required ellipsoid 
touching the six faces at their centres; or (2) draw AK, 
BK, CK, DK, and produce to equal distances KA', KB 1, 
KC', KD'  beyond K. We thus find four points, A ~, B', (7, 
D', which, with A, B, C, D, are the eight corners of tile 
hexahedron which we found by construction (1). A cir- 
culnscribed hexahedron being thus given, the principal axes 
of the ellipsoid, and their orientation, are found by the 
solution of a cubic equation. 

w 6. Another way of finding the strain-ellipsoid, which is 
in some respects simpler, and which has the advantage that 
in its construction it does not take us outside the boundary of 
our fundamental tetrahedron, is as follows : - -In the equi- 
lateral tetrahedron AoBoCoD o describe, from its centre K0, a 
spherical surface touching any three of its faces. It touches 
these faces at their centres ; and it also touches the fourth 
face, and at its centre. Hence, if we solve the determinate, 
one-solutional, problem to draw an ellipsoid touching at their 
centres an~j three of the four .faces of any tetrahedron ABCD, 
and having its centre at K, this ellipsoid touches at its centre 
the fourth face of the tetrahedron ; and it is the strain- 
ellipsoid for the homogeneous strain by which an equilateral 
tetrahedron of solid is altered to the figure ABCD. 

w 7. To bring our new method of specifying strain and 
stress into relation with the ordinary method for infinitesimal 
strains and the corresponding stresses :---Let X denote the 
length of each edge of the equilateral tetrahedron of reference, 
AoBoCoD 0 ; and let h be the edge. of the cube of which 
A0, B0, (~0, Do are four corners (this cube being the hexa- 
hedron found by applying either of the constructions of w 5 
to the tetrahedron AoBoCoD0). The twelve face-diagonals of 
this cube are each equal to ~, and therefore X=h ,/2. Let 
now the cube be infinitesimally strained so that its edges 
become h( l+e ) ,  h ( l + f ) ,  h ( l+g)  ; and so that the angles in 
its three pairs of faces are altered from right angles to acute 
and obtuse angles differing respectively by a, b, e from right 
angles. This is the strain (e, fi g, a, b~ e) in the notation of 

* Thomson and Tail's ' Natural :Philosophy,' w 160 ; c Elements, 
w ~41. 
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448 Specifying Method for  Stress and St~'ain in Elastic Solid. 

Thomson and Tail referred to in the introductory paragraph 
above. By the infinitesimal geometry of the affair, we 
easily find the corresponding alterations of the face-diagonals, 
whic:h according to our present notation are (p--  1)~, (p'--1)X, 
(q--1)~., etc., and thus we have as follows : - -  

p - - l = � 8 9  ' 

p'-l=�89 i 
q - l = { ( g + e + b ) ,  . . . . .  (5) 
q ' - - l = { ( g + e - - b )  r 

l 

r - - 1  = ~ ( e +  f +c) 
r ' - - l= -~ (e+  f - - c )  

for the relation between the two specifications of any 
infinitesimal strain. Adding these, and denoting e + f + g  
by ~, we find 

p+p~ + q+ qr + r + / - - 6 = 2 s  (6). 

And solving for a, t,, c, e, )~ g, in terms of p, q, r, p', qr, r', 
we have 

a = p - - p  I ; b = q - - q  I ; c = r - - r '  : -[ 

e = s - - p - - p '  + 2 ; f = s - q - - q '  + 2 ; g = s - r - - r '  + 2 j  (7). 

w 8. The work required to produce an infinitesimal strain 
e, f ,  g, a, b, c, in a homogeneous solid of cubic crystalline 
synnnetry is expressed by the following formula : - -  

~2*o=~(e~+f~+g~)+2~( /v+ge+ef )  +n(a~+t ,~+( ,% (8). 

This may be conveniently modified by putting 

k = ~ ( ~ + 2 ~ )  ; n l = � 8 9  . . . .  (9), 

where k denotes the bulk modulus and nl, n the two rigidity- 
moduluses. Wi th  this notation (8) becomes 

u.~ = k(~ + f +  g)~ + ]n~ [ ( f -  ~)~ + (g-- e)~ + (~--f) ~J +'~(~ § ~, ~) 
The rigidity relative to shearings parallel to the pairs of 

planes of the cube, or, which is the same thing, changes of 
the angles of the corners of the square i~tces from right angles 
to acute or obtuse angles,, is n~. The rigidity relative to 
changes of the angles between the diagonals of the faces from 
right angles to acute or obtuse angles is n. The compressibility 
modulus is k. Using now (7) in (10) we have 

2u, = ks ~ + ~nl [(q + q'-- r - - r ' )  2 + (r + r' --p _pt)2 + (p + pt_~ t _  q,)2j 
+ n [ ( p - - p ' ) 2 + ( q - - q ' ) : +  (r--r')PJ . . . . .  (11). 

(10). 
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